Manual drafting is rapidly being replaced by modern, computerized 
Introduction I
The traditional media for specifying mechanical parts and assemblies are blueprints (engineering drawings), which contain graphic descriptions of nominal or ideal parts plus tolerancing information that defines allowable departures from the nominal objects. Tolerances are specified by designers and should ensure that parts &dquo;in spec&dquo; are functionally equivalent and interchangeable in assembly. Tolerancing information is essential for planning part manufacture and tight assembly operations, for part inspection, and for other design and production activities.
Manual drafting is rapidly being replaced by modem, computerized systems for defining the geometry of mechanical parts and assemblies, and a new generation of powerful systems, called geometric (solid) modeling systems (GIViSs) , is entering industrial use (Requicha and Voelcker 1982) . Solid models generated by computer-aided design (CAD) are expected to become the primary sources of geometric information in integrated design and production systems, and solid-modeling technology is beginning to play an important role in off-line robot programming, model-driven vision, and other industrial robotic applications.
Current GMSs lack tolerancing facilities and therefore can neither support fully automatic manufacturing planning nor perform some of the spatial reasoning required for assembly planning. For example, analysis of manipulator and sensor inaccuracies must be supplemented with analysis of part inaccuracies for tight-fitting assembly tasks (Brooks 1982) . To incorporate tolerancing information in GMSs and use it in automatic analysis and planning, the semantics of tolerances (i.e., their geometric meaning) should be defined mathematically. General definitions, which can be &dquo;understood&dquo; by general programs, are preferable to special-case definitions, which are difficult to embed in programs and lead to large amounts of possibly inconsistent code. Unfortunately, current industrial tolerancing practices, described in standards (ANSI 1973) and texts (Levy 1974) , are defined informally, mainly for special situations.
The goal of this paper is to propose a theory of tolerancing that formalizes and generalizes current practices and is a suitable basis for incorporating tolerances into GMSs. The theory was designed to follow established tolerancing practices closely, but some departures seemed desirable and others unavoid- The symbol block associated with the circle specifies a &dquo;true-position&dquo; tolerance with respect to datums A and B, which are the surfaces labeled in the drawing. Fig. 2 . Interpretation based on an &dquo;implied datum. &dquo; able. The paper also explores briefly the representational implications of the theory, but does not attempt to discuss its algorithmic implications. Algorithms for processing tolerancing information in solid modelers are just beginning to be studied, and it is too early to draw conclusions. The representational implications of the theory are straightforward but important, because they establish the data requirements for the tolerancing facilities of GMSs. These requirements differ markedly for alternative theoretical approaches (Requicha 1983 ).
Current Practices and Prior Work
Current industrial tolerancing practices use a mix of &dquo;geometric tolerances,&dquo; sometimes called &dquo;modem&dquo; or &dquo;true-position&dquo; tolerances, with &dquo;conventional&dquo; (±) tolerances (see Fig. 1 (Requicha 1977a) Lin, Gossard, and Light 1981 ) also is relevant to certain &dquo;parametric&dquo; approaches to tolerancing (see Requicha 1983) . The approach that I shall discuss below evolved from my earlier research (Requicha 1977a) [Brown 1982] (Requicha 1977b) and whose union is aS. (Requicha 1977b; (Nadler 1978) where Dist {p, q) is the ordinary E3 point distance.4 Observe that the definition above implies that all points of S are at zero distance from S, and that when S is a solid (r-set) Figure 17D shows the composite tolerance zone that corresponds to the specification of Fig. 17A and also the individual tolerance zone that corresponds to the top face of the feature.
The definitions above apply to any feature and therefore are extremely general. They largely agree with current practice for such simple features as cylindrical holes, but depart from current practice for more complex features, as in Fig. 17D . Whether such departures are practically important remains to be seen. Note, however, that undesirable behavior such as that of surface X in Fig. 17D (Nadler 1978) whose elements are r -sets (Requicha 1980 (Requicha 1983) .
way, but much of the theory is applicable with any reasonable concept of offsetting. Parameterized, constructive solid geometry (CSG) or boundary representations (Requicha 1980) presumably could provide alternative offsetting methods, but neither has been thoroughly investigated and both seem to raise delicate problems (Requicha 1983 ).
Conventional ± tolerances are not supported directly; they must be replaced with functionally
